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Bilinear Formulation Applied to the Response and Stability of
Helicopter Rotor Blade
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A time finite element method based on Hamilton’s law of varying action is applied to the analysis of helicopter
blade dynamics. The bilinear formniation of Hamilton’s law of varying action is used to discretize the temporal
dependence of the equations of motion. Variable-order shape and test functions based on Legendre polynomials
are used. Two approaches for the numerical implementation of the bilinear formulation are used. One approach
obtains the response of a general dynamic system using marching in time. The other approach is based on the
assumption that the solution is identical at the beginning and end of one period. Therefore, this approach is suit-
able for periodic systems. The bilinear formulation in imposed periodicity mode is used to compute the response
of a rigid blade with flap and lag degrees of freedom in forward flight. The bilinear formulation in marching
mode is applied to find the Floquet transition matrix necessary to test the stability of blade motion.

Nomenclature
AQ) = linear operator on v
B(gq,v) =bilinear operator on g, v
C = damping matrix
Cp =drag coefficient
Cp =1ift coefficient

c =blade chord, m

Co» €} = coefficients in the expression for C;,

D = dissipation function

D, = aerodynamic drag per unit length

dy di,dy  =coefficients in the expression for Cp

=matrix of Legendre polynomials

=forcing function, N

=test function matrix

= shape function matrix

=blade moment of inertia in Eq. (1), kg m?, and
identity matrix in Eq. (50)

= stiffness matrix

= Legendre polynomials

=aerodynamic lift per unit length

= aerodynamic load in the plane of rotation of the
blade

=aerodynamic load perpendicular to the plane of
rotation of the blade

= inertia matrix, generalized aerodynamic moments in
Eqgs. (1) and (2), Nm

=number of degrees of freedom

=number of shape functions

=number of time elements

= generalized momentum, kgm/s

=nodal displacement vector

=displacement vector

= approximation to g

=rotor radius

=residuum
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r =radial distance along elastic axis in Eq. (8), m,
vector of arbitrary constants in Egs. (21) and (23)

r; =roots of Legendre polynomials

T =kinetic energy, Nm

Up, Uy =blade cross section air velocity components, m/s
u =velocity, m/s

|4 = potential energy function, blade cross section
resultant air velocity, m/s

y =vector of test functions

v =vector of test function approximations

o =angle of attack, rad, 6 — o,

B =blade flapping angle, rad

B, =modified generalized coordinates

Y =Lock number, 3pacR/im

4 =blade lead-lag angle, rad

0 =blade pitch (obtained from trim solution)

Ay =kth eigenvalue of the transition matrix

A =Lagrange multiplier

A =induced velocity

Ain =rotor inflow velocity

Ay =real part of transition matrix kth eigenvalue complex
exponent

1) =advance ratio

vg =dimensionless, rotating flapping natural frequency

(o = transition matrix

o, =inflow angle at blade element, rad

v =nondimensional time step length

v =nondimensional time, Q¢

Q =rotor blade angular velocity, rad/s

g =nondimensional, nonrotating flap frequency

oy =nondimensional, nonrotating lead-lag frequency

Introduction

ANY sophisticated aeroelastic models were recently devel-

oped to help in the design of advanced hingeless and bear-
ingless helicopter rotors.!=> Those models make it easier to design
rotors that take full advantage of the positive characteristics of ad-
vanced rotors, while minimizing the negative features inherent in
the concept. Research in aeroelasticity of helicopter rotors has
proven that the finite element method offers the most flexible ap-
proach in the spatial domain because of its capability to model
complex blade-hub structures.> However, the accuracy of spatial
aeroelastic models should be matched by the accuracy of mathe-
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matical methods used to obtain the solution in the temporal do-
main. One of the most promising methods that can be applied to
the analysis of dynamic systems response and stability is the bilin-
ear formulation of Hamilton’s law of varying action.*> The most
important element of this method is the correct handling of the
trailing terms in the numerical formulation of Hamilton’s law of
varying action. Very good convergence and stability of this ap-
proach in applications to linear dynamic systems have been re-
ported. Previous studies*® demonstrated the application of the bi-
linear formulation of Hamilton’s law of varying action to analyze
the dynamics of a single-degree-of-freedom linear dynamic sys-
tem. The purpose of the present paper is to apply the bilinear for-
mulation of Hamilton’s law of varying action to the analysis of the
dynamics of a helicopter rotor blade modeled as a multiple-degree-
of-freedom, nonlinear, periodic system.

Formulation

The time finite element method based on Hamilton’s law of
varying action is applied to the analysis of the dynamics of a heli-
copter blade modeled as a two-degree-of-freedom rigid blade. The
formulation of the differential equations of motion is outlined next.

Flap-Lag Equations of Motion

The feasibility of the imposed periodicity bilinear approach for
the solution of nonlinear, multiple-degree-of-freedom rotary-wing
dynamics problems is tested on a two-degree-of-freedom flap-lag
blade model. This model is based on the rotor blade representation
studied by Kaza and Kvaternik.® The geometry for aerodynamic
velocity components is shown in Fig. 1.

The equations of motion are obtained using Lagrange’s equa-
tions. The generalized aerodynamic moments Mg and M are eval-
uated using the principle of virtual work. The expressions for the
kinetic energy T, the potential function V, and the dissipation func-
tion D are given in Ref. 6. The position vector of an arbitrary mass
point coinciding with the elastic axis of the blade (with coordinates
x; =r,y; =0, and z; = 0) is obtained by the transformation from
inertial axes x y z fixed in the hub to the blade fixed axes x; y; z;. A
flap-lag transformation sequence is chosen for this system. The
details of the transformation between the two coordinate systems
and the details of the derivation of velocities Uy and Up are given
in Ref. 6. The equations of motion, with terms up to second order
retained,S can be written as

1B +2Q1EB +20,v, QIB + V'Q'IB = M,

M
N . )
18 -2QIBB + 28,0, QI¢ + 0, Q"I = M,
where
R
Mg = (1/2)pccos(C)J r(C VU —C,VU,) dr
0
2
R
M, = —(1/2)ch' r(C VU, - CoVUy) dr
0
CL=C0+C10t (3)
CD=d0+d10(,+d20(2 (4)
vg = 0)§+1 5
k
2 B
Oy = — ©)
P o
k
2 4
W = — Q)
Qi

Next, the equations of motion are nondimensionalized by dividing
both sides by /Q?. The nondimensionalized equations of motion
can be written as

B+2LB+2Lveh+ (1 +co§)B

1
- Y_C%__Sa(gljor(cLVUT—cDVUP)dr

(8)
{—2BB+2¢, o8 + o0k

1
= —lJ-r(CLVUP —CpVU,) dr
2al,

Stability of Motion Analysis

The stability of motion is performed using Floquet’s theorem.
The stability analysis is based on Ref. 7. The eigenvalues A, of the
transition matrix are found and written in the exponential form.
The real part A, of the complex characteristic exponent measures
the stability of the response of the kth degree of freedom. Instabil-
ity is indicated by A; > 0.

Discretization in Time
Marching-Mode Approach
The formulation presented here for the marching-mode ap-
proach is an extension of the formulation given in Ref. 8. Tempo-
ral discretization is achieved with the bilinear formulation of
Hamilton’s law of varying action. Consider the equation of motion

(MI{G}+[C1{q}+ [K1{q} ={F} )
1 COS o p
y
! y
A
v 7
A
X4
Y X
A-A
i %

Fig.1 Aerodynamic velocity components.
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Multiplication by an arbitrary test function vector {v} and integra-
tion over the domain [0, V'] yields

¥
j DY (IM1{G} + [C 14} + [K1{q}) dy
0

¥
= j (v {F} ay (10)
0

Rearrangement and integration by parts results in
F{M}T {—[C]{q}—m{q}} ]
o (Lv] (M]{4}
W) fonnean ] (o [em
v q v
- - d 11
{Lv'J} { {0} }0 J {Lv'JH{O}} voan

The momenta at the beginning and end of the time period are de-
fined as

[M]{q(0) } = {Py}
(12)
IMHq(¥)} = {Py}

Next, the definitions of the bilinear operator B(g, v) and the linear
operator A (v) are introduced as

T
¥ LVJ} {—[C]{q‘}—[K]{q}}
B(q, = d 13
@ J‘0 {LVJ [M1{q} M 9

L [P | T gLl T{{F}}
A = {m} {{0}} -J Ly Loy ey 9
0
Then Eq. (11) is written, for all v, as
B(q,v) = A(v) (15
Integrating Eq. (13) by parts and rearranging Eqgs. (13) and (15)
yield

¥ T
Ban-( A0 = (M1 {a) + (€1 193 + (KD (a3 )
0

—{FYHay+ {v(¥)} {{P‘,,} - [M]1{4q(Y) }}

— {v(0)}” {{Po} - [M]{Q(O)}} =0 (16)

The bilinear formulation of a dynamic problem*’ consists of Eq.
(15) and Egs. (13) and (14). Substitution of a trial function vector
{ g} for the exact solution {g} gives the error equation for numeri-
cal applications

R(q,v) = B(q,v) -~ A(V) an

For initial value problems with unknown {Py}, the test function
vector {v(¥)} should be chosen so that*®

v} = {0} (18

This eliminates the unknowns from the error equation [Eq. (17)}
and allows for automatic convergence of {Py} = [M]1{4(0)}.

{v(0)}= {0} and

Similarly, if {P,} is unknown, the test function vector should
satisfy*>

(v} = {0} and  {v(®)}={0} (19

Next, the displacement and test functions are discretized in the
time domain

{q} = [H]{p} (20)
{v} = [G{r} @n

The present problem deals with an initial value problem. The dis-
placement vector {g} and the generalized momenta vector {P} are
known only at the initial point of the time element. Thus the con-
straints are*”

2(0) = {H(0)} {p} = ¢, 2y

P(¥) =G} {r} =0 (23)

These constraints are included in Eq. (16) using a vector of
Lagrange multipliers {A}. The resulting system of equations can
be written as

[[B] [G(\P)]H{p}} _ {{A}} o4
H(0) [0] {1} {4,}

This allows the reduction of the size of 2V equations by N, where
N is both the number of spatial degrees of freedom and the size of
{A}. The solution procedure can be done in three steps and is

shown in the following text for a two-degree-of-freedom dynamic
system modeled using the following matrix equation:

3 alta) L)

0 my| X)) |-c c]l*

etk -k2_{x1} _ {F(t)} 5
—k2 k2_ Xy 0

Assume that two nodes per time element are used, as shown in Fig.
2. Therefore, the components of Eq. (24) will have the following

form:
G, 0 G 0 {C—C} H H, 0 0}
¥ (G, 0 G, 0| “° 4 [0 0HH
51 = | . o
0 0 Gl 0 Gl -m] 0 Hl H2 00
0 G, 0 Gy|]| 0 -my||0 O H,H,
1:k1+k2 _1<2MH1 H, 0 0}
—k kLI||0 0 H H
+ 2 2 1 2 d\ll (26)

Fig.2 Time element used for the marching-mode algorithm.
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G,('P) 0
Gep) = [0 @7
0 G, (¥
0 G,(P)
where G(¥) = 1 and G,(‘¥) =0,
LH(0)] = H,(0) H,(0) O 0 28)
0 0 H,(0) H,(0)
where H,(0) = 1 and H5(0) = 0, and
P
{pr = {2 29)
P3
Py
)\‘1
A} = 30
o0 - {2 a0
G (v) 0 Gl(W) 0 F(y)
¥ G,(w) 0 Gy(y) 0 0
(=] |7 2 ay
ol 0 Gy) 0 Gy 0
0 Gy 0 Gyl °
G0y 0 G 0 m,d,(0)
. G,(0) 0 G,(0) O m,q4(0) 31
0 G, (0) 0 Gy(0) 0
0 G,(0) 0 Gy (0 0

Next, the approximations of the displacement vector and the veloc-
ity vector at the end of the time interval are computed. First, the
unknown nodal displacements p, and p, are found

By By {Pz} - {Az}_ By By {pl} (32)
B, Byl lp, A, By By | Lps

Then, the vector of Lagrange multipliers A is evaluated

{7“1}2 {Al}_ By By, {pl}_ By, By, {pz} (33)
A, A, B3 By | L D3 By, By | Pa

Finally, the vector of velocities at the end of the time interval is

determined
-1
{P‘z(‘l’)} _|moo {7»1} 34
Pa(F) 0 m, Ay

For a nonlinear problem, with [B] and {A} dependent on {g}, Eq.
(32) is solved for unknown nodal displacements p using a Leven-
berg-Marquardt algorithm and a finite difference approximation to
the Jacobian. The initial guess for each time step is obtained by

computing [B(q)] and {A(g)} with {g} found for the preceding
time step and solving the resulting linear system of equations.

Imposed-Periodicity Approach

The solution of a helicopter blade steady-state periodic-response
problem can be largely facilitated by the assumption that the solu-

tion is identical at the beginning and end of one revolution. One
can assemble the equations used in the marching mode and then
impose the equality of the solution at the beginning and end of one
period. The process of assembly is shown next for a one-degree-
of-freedom periodic system modeled using the following equation:

mi(Y) +c(W)i(y) +k(W)x(y) = F(v) (35)

where the forcing function F(W) as well as the damping coefficient
c(¥) and the stiffness coefficient k(W) are periodic, whereas the
inertia matrix m is constant.

The time interval of length equal to one period is divided for two
time elements as shown in Fig. 3. It is assumed that the initial nodal
displacement for the first time element p} is equal to the final
nodal displacement for the selcond time element p3. Similarly, the
equivalence of the velocity u, at the beginning of the first time ele-.
ment and the velocity u% at the end of the second time element is
imposed. Linear basis functions are used in each time element. The
bilinear formulation gives rise to the following system of equations
for the first time element:

5 { G,(P) }
[B] G.0%) 1

| H,(0), Hy0) | 0 A

T
[

j“/ G, Gy {p}d\” G\(0) Gi(0) || [M]{uj}
=10 |G, ¢, |0 G,(0) Gy(0) 0
1
Py
(36)

where

[B]:J"Y G, G {[Cltﬂl,HzJHK]LHPHzJ} .

0 GZ G2 —[M]l_HhHZJ
37
Therefore
B, B, 1|[
le Bzz 0 123
1 0 0 A
¥
G, G1(0) 1
F|dy+ M
o {Gz}u ! {GZ(O)}[ fnd (8)

y=0°

Fig. 3 Nodal displacements and velocities for the imposed-periodicity
algorithm.
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. . 1, .
where pi is known, p; is unknown, u, is known, and A is
unknown. :

The term p, is determined using the following equation:

£
BLph = [ G Fdv+G O Muj-Byp,  (39)
0
A and u; are determined using
11 o1 1
P~ Bpup, (40)

¥
A =J' G,(y) F dy + G,(0) Mu, - B
0

and
=M (41)

Therefore, the system of equations for element 1 can be written in
matrix form as

1
B;l 0 { Pz}
B, M| u

¥
| Gaw Fay + G0 Mu; - Bl )
=1 4 (42)
| e Fay+ G, Mul-Blpi - Blop)
0

Finally, remembering that u2 =u, " and p2
final system of equations:

pl, we can write the

B), 0 B, -G,(OM || p,
B, M B, -G (O)M || u)
B, -G,(0OM B, 0 Pl .
B}, -G,(O)M B, M 0
¥
[ Gan Fay
¥
[, 6w Fay
=1 » 3)
[ Gw Fay
¥
[ Giw Fay

In the same manner one can assemble a system of N equations over
N time elements. Certain elements in the upper right corner of the
coefficient matrix are nonzero due to the imposition of periodicity.
This destroys the bandedness of the matrix. The number of shape
functions can be arbitrary. The solution procedure for nonlinear
problems, with [B] and {F} dependent on {g}, is similar to that
used for the marching-mode approach. Equation (43) is solved for
unknown nodal displacements p and end-node velocities u using a
Levenberg-Marquardt algorithm and a finite difference approxi-
mation to the Jacobian. The initial guess is obtained by neglecting
the nonlinear terms in Eq. (43) and solving the resulting linear sys-
tem of equations.

Basis Functions

The basis functions used in this study are based on the Legendre
polynomials. The Legendre polynomials were selected over ordi-
nary power series for two reasons:

1) The coefficient matrix constructed with ordinary power series
is poorly conditioned. Therefore, the inverse of this matrix is less
accurate, and convergence problems may be encountered.’

2) Recursive formulas for calculating the values of the Nth-order
Legendre polynomials and their derivatives at a given point are
readily available. Application of the power series to equally spaced
internal nodes gives rise to shape functions in terms of the
Lagrange polynomials. An extensive literature search did not re-
veal a recursive formula for the Lagrange polynomial derivatives.

This development is based on Ref. 10. Displacement q(t) is
written in terms of a set of Legendre polynomials:

g ={L@®} {a;} (44)

where {L(7)}! is the vector of Legendre polynomial values, and
{0} is the vector of generalized coordinates.

For an approximation based on the Legendre polynomials, the
internal nodes are roots r; of a Legendre polynomial of order n
over the interval [-1, 1]. However, the set of nodes for a time inter-
val should contain the endpoints to preserve the displacement con-
tinuity at the ends of the time interval. Therefore, the modified
shape functions {H} will be spanned over the following set of
nodes:

1:1:—1
’E2=r1
Th-1=Tp-2
T,=1

Then the displacement can be written in terms of modified shape
functions:

g(v) = LH® J1{B} 45)
where
LL 1) ]
B = | LEO ey = 18,100 (46)
LL(h

Equations (39) and (41) give rise to a system of equations that
allows us to calculate the vector of modified shape-function values
atte [-1,1]:

[E){H(®} = {L(1)} @7)

Similarly, we can calculate the vector of shape-function deriva-
tives at T

[E,1{H ()} = {L' (7)} 48)

The recurrence formulas used to calculate the value and the deriva-
tive of the Legendre polynomial of order » for a given coordinate T
€ [-1, 1] are presented in Ref. 11.

Results and Discussion

Convergence Study for One-Degree-of-Freedom Rigid-Blade Model

A series of numerical experiments is conducted with both the
marching-mode approach and the imposed-periodicity approach.
The goal of these experiments is to determine the convergence
characteristics of both methods and to investigate the influence on
the overall result of the number of time elements N7 per revolution
and the order of basis functions NS approximating the spatial solu-
tion over one time element. The number of basis functions NS per
time element was equal to the number of time nodes per time ele-
ment. This study is conducted on the example of a simple rigid
flapping response problem, described by the following equation:

B+ [l+ usm(qf]ﬁ+[l+ ( “pcos(y) + 1 sm(21y))][3=F
49)
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Table 1 Convergence study for the marching-mode approach

Table 2 Convergence study for the imposed-periodicity approach

Number Number

of shape of shape
Number functions Number functions
of time per time Displacement of time per time Displacement
elements  element CPU time, s error, % Velocity error, % elements  element CPU time, s error, % Velocity error, %
2 2 1.14 1.13888E + 04 1.95898E + 02 2 2 0.89 1.09828E + 04 1.83560E + 02
2 4 1.25 3.43373E+01 2.08087E + 00 2 4 0.88 3.43373E + 01 2.08087E + 00
2 8 1.54 3.46445E - 04  3.60966E — 06 2 8 1.03 3.46444F - 04 3.60968E — 06
2 12 2.09 5.27296E — 09 3.39932E - 10 2 12 1.58 5.53417E - 09 3.31719E - 10
2 16 332 6.43891E — 11 4.62843E — 12 2 16 3.07 1.99088E — 10 5.70105E - 12
4 2 1.15 6.96566E +02  4.03847E + 01 4 2 0.86 6.96565E +02  4.03848E + 01
4 4 1.29 424280E-02  2.85189E —02 4 4 0.87 4.24280F — 02 2.85189E - 02
4 8 1.78 5.90300E-08  4.93699E—12 4 8 1.16 5.92744E — 08 1.83374E - 11
4 12 2.63 1.82916E — 10 1.05058E — 11 4 12 2.04 1.91766E — 10.  4.30517E-12
4 16 4.62 4.55435E - 11 8.81606E — 14 4 16 427 3.16321E-10 1.16519E ~ 11
6 2 1.23 2.14053E + 02 1.89087E + 01 6 2 0.85 2.14053E + 02 1.89087F + 01
6 4 1.49 3.54271E - 03 1.97476E — 03 6 4 0.94 3.54271E - 03 1.97476E - 03
6 8 1.97 2.86503E - 11 1.09760E — 11 6 8 1.31 2.92870E — 10 8.22833E - 13
6 12 3.12 9.56498E — 11 7.37611E - 12 6 12 2.54 2.37649E - 10  7.09693E — 12
6 16 5.74 1.73856E — 09 5.44979E - 11 6 16 5.73 2.09203E-09  7.24239E - 11
8 2 1.23 1.02186E + 02 1.07938E + 01 8 2 0.90 1.02186E + 02 1.07938E + 01
8 4 1.53 2.72465E — 04 3.51199E - 04 8 4 0.95 2.72464E — 04 3.51199E - 04
8 8 224 4.86653E—-10  2.61690F — 11 8 8 1.47 1.09253E - 10 2.15993E - 12
8 12 4.00 6.73899E — 10 3.78356E — 11 8 12 3.19 2.70480E - 10 1.79113E - 11
8 16 6.77 9.82262E-10  S5.83329E-11 8 16 7.45 9.71609E — 10 4.57994E - 11
where ing-mode bilinear approach. The slight increase in error that

F= %[e( 1+ gpsin(\p) + 2u2sin 2(\41)) + gkin

- 146,/ vg A, cos(y) +2 uhinsin(w)}

The details of the derivation are given in Ref. 12, p. 153. The fol-
lowing values are used:

¥=5.00 i =0.20 A; = 0.04

0=0.20 Ay =-0.03 vg=1.15

An ordinary differential equation with periodic coefficients has a
unique periodic solution if the determinant of ([/]-[®(2m,
0D #0 (Ref. 7). The value of det([/]— [® (27, 0)]) computed for
Eq. (49) is equal 0.754002004861831665. Therefore, this equation
has a unique periodic solution. The following initial condition
must be used to obtain the unique periodic solution of Eq. (49)
(Ref. 7):

2n
{y(0)} = (I 1-[@2r,0)])" I [@@2m, s){F(s)}ds  (50)
0

The initial condition given by Eq. (50) is found using the
method outlined in Ref. 7. Then, Eq. (50) is integrated numerically
using a fifth-order Runge-Kutta-Verner method with the small step
(Ay = 1 deg) and very low global error (€ = 107'%). The converged
solution is regarded to be the exact periodic solution of Eq. (49).
Then, the program based on the marching-mode approach is run
with the following initial conditions: B(0) = 0 and B(0) = 0. The
program is run until the differences between two consecutive val-
ues of B(2n) cease to decrease. The values of B(2m) and B(2m)
obtained in this way are compared with the Runge-Kutta solution.
The runs are made for one revolution, divided into 2, 4, 6, and 8
time elements and for 2, 4, 8, 12, and 16 shape functions per time
element. The results are shown in Table 1. Similar tests are per-
formed for the imposed-periodicity approach. However, that
approach does not require any initial conditions. The results are
shown in Table 2. Tables 1 and 2 also give the CPU times for each
run. Table 1 shows good convergence characteristics of the march-

occurs for NT >2 and NS = 8 can be explained by roundoff error.
The smallest displacement error for the marching mode occurs for
NT =6 and NS = 12. Also, the closer the method is to the A-version
finite element method, the faster the solution is obtained. This is
confirmed by the comparison of CPU time for three cases shown
in Table 1. The number of nodes for each of these cases is equal to
32. The cases are characterized by the following combinations of
number of time elements NT and number of shape functions NS:

1) NT =2 and NS = 16.

2) NT =4 and NS = 8.

3)NT =8 and NS =4,

Of these, the fastest was the solution for NT = 8 and NS =4, and
the slowest was the solution for NT' =2 and NS = 16. The latter was
also most accurate in terms of displacement error. This observation
gives an important insight into the accuracy vs computational time
for the marching-mode approach. The analysis of the results given
in Table 2 indicates good convergence too. The slight increase of
error for NT > 2 and NS = 8 can be explained as before, i.e., with
roundoff error. The observations regarding the number of time ele-
ments vs the number of basis functions that were made for the
marching-mode bilinear approach also can be made for the im-
posed-periodicity bilinear approach.

It is interesting to compare the performance of both approaches.
The imposed-periodicity approach is consistently less accurate than
the marching-mode approach. However, the imposed-periodicity
approach is generally faster than the marching-mode approach,
with the exception of one case where the combination of NT = 8
and NS = 16 results in the largest system of equations. The speed
advantage of the imposed-periodicity approach decreases with the
increase of the size of the system of equations. It is necessary to
point out that the difference in CPU time depends significantly on
the initial conditions used in the marching-mode approach.

Another aspect is the memory requirement for both methods. In
the case of the marching approach, the memory requirement
depends on the number of degrees of freedom ND for the system
and the number of shape functions NS. In the case of the imposed-
periodicity approach, the memory requirement depends also on the
number of time elements NT. The marching-mode bilinear solver
has to solve in each step a system of algebraic equations of size
(NS —1) - ND to calculate the displacement vector. After the dis-
placement vector is found, a separate system of equations of the
order ND - ND is solved for the velocity at the end of the time ele-
ment. This procedure has to be repeated NT times.
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The imposed-periodicity bilinear solver solves a system of alge-
braic equations of size NS+ ND - NT. For periodic systems with
many degrees of freedom this may lead to very large systems of
equations.

Stability Analysis for One-Degree-of-Freedom Rigid-Blade Model

The stability analysis is based on Eq. (49), with F = 0, and uses
Floquet theory to determine the stability boundaries. The numeri-
cal analysis is performed using the marching-mode bilinear formu-
lation algorithm modified to calculate A; values for an arbitrary
system of linear differential equations. The results are correlated
with those of Ref. 13, and the agreement is very good. The varia-
tion of Re A, with y for y = 11.2 computed using the marching-
mode bilinear formulation is compared in Fig. 4 with data shown
in Fig. IV-1, p. 59, and in Fig. IV-A, p. 62, of Ref. 13. The stability
limit occurs for i = 1.41, which is again in good agreement with
Ref. 13.

Response Analysis for Two-Degree-of-Freedom Rigid-Blade Model
The parameters corresponding to the steady-state forward flight
Bo» Bic» Bls, Oy, 01, 615, A, 0yp, and ¢, are obtained by solving a
system of nine algebraic equations constituting the helicopter pro-
pulsive trim problem. This system of equations consists of three
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Fig. 4 Variation of Re(A) with forward flight velocity (y = 11.2).
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Fig. 7 Comparison of the results of stability analysis using the bilin-
ear approach with the results presented in Ref. 6.

equations of equilibrium of forces, two equations of equilibrium of
moments (about pitch and roll axes), three rotor equilibrium equa-
tions, and an induced flow equation.

The trim algorithm is based on Ref. 14 and was validated by
reproducing the trim results (not shown here) presented in that ref-
erence. The response of the blade represented by the two-degree-
of-freedom, flap-lag model is investigated for four values of
advance ratio i and two values of rotating lag frequencies v;. The
values of vy are selected to match rotating lag frequencies for soft
in-plane rotors (vg = 0.7) and stiff in-plane rotors (v¢ = 1.4). The
results were compared with those of Ref. 14. A quantitative com-
parison was not possible because the assumptions regarding the
induced flow and the number of degrees of freedom considered in
both models were different. Qualitatively, the trends and the
amplitudes determined by both studies were similar. Example time
histories of the response over one revolution are shown in Figs. 5
and 6. These steady-state solutions are used in the stability analysis
of flap-lag blade motion to validate the results obtained using the
bilinear formulation against the results of stability analysis pre-
sented in Ref. 6. They are obtained for the following blade and
aerodynamic properties:

B,=0.0
Crlo=0.1

Co= 0.0

C1 =57
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¥=50 dy=0.01
=57 d; =00
Cpae = 0.0 vg=1.15

Stability Analysis for Two-Degrees-of-Freedom, Flap-Lag Rigid-Blade
Model

Equations (8) are perturbed and linearized about the blade non-
linear steady-state position. The steady-state position for given
flight parameters is determined using the imposed-periodicity
approach. The Floquet transition matrix for the linearized system
is computed using the marching-mode bilinear formulation algo-
rithm, as in the case of one-degree-of-freedom rigid-blade-model
stability analysis. Then the values of A, indicating the stability
characteristics of the system are determined. The results for the
stiff in-plane rotor are correlated with Ref. 6, and the agreement is
good. The comparison is presented in Fig. 7. The differences in the
two solutions can be attributed to the different trim procedures and
to a different method used to obtain the nonlinear blade equilib-
rium position in Ref. 6. More important may seem the difference
in the trends of the solutions. However, the trend of the result
obtained using the bilinear formulation is in agreement with the
newer stability results for stiff in-plane rotors presented in Refs.
15-17. Figure 7 also shows the results of stability analysis for a
soft in-plane rotor. It is clear that the soft in-plane rotor is more
stable than the stiff in-plane rotor. This trend is also demonstrated
in Refs. 14-16.

The previous results show the feasibility of applying the bilinear
formulation to the dynamic system stability analysis. The approach
shown here represents the h-p version of the time finite element
method, in the sense that one can change both the number of finite
elements in the finite element model and the number of approxi-
mation functions per element. This method allows us to divide one
revolution into smaller time elements and to choose an appropriate
balance between the number of time elements and the order of
basis functions for each element.

Conclusions

The conclusions of this study are the following:

1) The bilinear formulation of Hamilton’s law of varying action
can be used to solve nonlinear helicopter rotor dynamics problems.

2) The numerical implementation of the bilinear formulation is
slightly less accurate in the imposed-periodicity mode than in the
marching mode, and it imposes more severe computer memory re-
quirements. However, the imposed-periodicity algorithm does not
require initial conditions to solve linear periodic systems.

3) The speed advantage of the numerical implementation of the
bilinear formulation in the imposed-periodicity mode over its im-
plementation in the marching mode decreases with the increase of
the resulting system of equations size.

4) Both implementations of the bilinear formulation show an in-
crease in speed and a decrease in accuracy when the balance be-
tween the number of time elements and the number of shape func-
tions shifts from —p method to —/4 method.

5) The bilinear formulation in the imposed-periodicity mode
introduced in this paper is a promising and convenient-to-use tool,
both for linear and nonlinear systems, but needs further improve-

ments, e.g., incorporating a sparse equations solver to improve the
numerical efficiency.
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